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Abstract

Methodsdevelopedfor thequalitative simulationof dynami-
cal systemshave turnedout to bepowerful toolsfor studying
geneticregulatorynetworks. A bottleneckin theapplication
of thesemethodsis theanalysisof thesimulationresults.In
this paper, we proposea combinationof qualitative simula-
tion andmodel-checkingtechniquesto performthis tasksys-
tematicallyandefficiently. By meansof the exampleof the
network controllingtheinitiation of sporulationin B.subtilis,
we argue that this approach is well-adaptedto the kind of
questionsbiologistshabituallyaskandthekind of dataavail-
ableto answerthesequestions.

Intr oduction
Qualitativesimulationis concernedwith making predictions
of thebehavior of dynamical systemswhenonly qualitative
informationis available.In QSIM (Kuipers1994), probably
thebest-known approachtowardsqualitativesimulation,the
variables of thesystemtake qualitative valuesexpressedin
termsof a totally-orderedsetof landmark values.Thestruc-
tureof thesystemis describedby meansof aqualitativedif-
ferentialequation, anabstractionof a classof ordinary dif-
ferentialequations. A qualitative differentialequation con-
sistsof constraintson thequalitative valueof thevariables,
corresponding to basicmathematicalequations. Qualitative
simulationexploits thequalitativeconstraintsandcontinuity
propertiesof thevariablesto predict thepossiblequalitative
behaviors of the system. Given an initial qualitative state,
consistingof aqualitativevaluefor eachof thevariables,the
simulationalgorithm producesabranchingtreeof all reach-
ablequalitativestates.

Qualitativesimulationprovidesadiscreteview onthedy-
namicsof a system. A qualitative behavior producedby
QSIM consistsof a sequenceof qualitative states,alternat-
ing betweentime-points and time-intervals. The order of
qualitativestatesin thebehavior expressesa temporal order
of eventsat which the qualitative value of somevariable,
andhencethequalitative stateof thesystem,changes. The
abstractionof thecontinuousbehavior of asysteminto ase-
quenceof qualitative statesmakesit possibleto usemodel-
checking techniquesfor theverificationof propertiesof the
system(Clarke,Grumberg, & Peled1999). Theapplication

of thesetechniqueshasbeenproposedasa meansto deal
with oneof the majorproblemsof QSIM andother classi-
cal qualitative simulationmethods: theanalysisof thelarge
numberof possiblesequences of qualitative statespredicted
(Brajnik & Clancy 1998; Shults& Kuipers1997).

The aim of this paperis to explore the combined use
of qualitative simulationandmodel checking techniquesin
the context of a biological application, the analysisof ge-
neticregulatory networks. Thesenetworks of regulatory in-
teractions betweengenes, proteins,metabolites, andother
small molecules underlie the developmentandfunctioning
of all living organisms. Mathematical methods supported
by computer tools areindispensable for the analysisof ge-
netic regulatory networks, sincemost networks of interest
involvemany genesconnectedthrough interlockingpositive
andnegativefeedbackloops,thusmakinganintuitiveunder-
standing of theirdynamicsdifficult to obtain(deJong2002).
Currently, only a few networks arewell-understoodon the
molecular level, andquantitative informationontheinterac-
tions is seldomavailable. This hasstimulatedaninterestin
qualitative approachestowardstheanalysisof geneticregu-
latorynetworks.

In previous work we have developeda methodfor the
qualitative simulation of geneticregulatory networks (de
Jonget al. 2002a; 2002b; 2001). Themethod differs from
traditional approachestowardsqualitativesimulationin that
it hasbeentailoredto a classof piecewise-linear (PL) dif-
ferential equations with favorable mathematicalproperties
(Glass& Kauffman 1973; Mestl, Plahte,& Omholt 1995;
Thomas& d’Ari 1990). Thisallows it to dealwith largeand
complex networks of regulatory interactions. The qualita-
tivesimulationmethodhasbeenimplementedin apublicly-
availablecomputer tool, calledGeneticNetwork Analyzer
(GNA) (deJonget al. 2003). The programhasbeenused
to analyzeseveralgeneticregulatorynetworks of biological
interest,including the network controlling the initiation of
sporulationin B. subtilis.

In this paper, we will show how the graph of qualitative
behaviors producedby thesimulationmethod canberefor-
mulated asa Kripke structure. Moreover, we will illustrate
how observedpropertiesof thebehavior of thegeneticreg-
ulatory network canbeexpressedin thetemporal logic CTL



(Clarke & Emerson1981). This allows existing, highly-
efficient� model-checkingtechniques(Clarke, Grumberg, &
Peled1999; Cimatti et al. 2002) to be usedto validatethe
model of thenetwork, that is, to checkwhethera statement
in temporal logic representinganobservedproperty is satis-
fiedby theKripkestructureobtained fromthemodel through
simulation. We will argue by means of theexample of the
sporulation network that the chosencombination of quali-
tative simulationandmodel checkingis well-adaptedto the
kindof questionsbiologistshabitually askaswell asthekind
of dataavailableto answerthesequestions.

In the next two sectionsof this paper, we briefly review
the qualitative modeling andsimulationof genetic regula-
tory networks. This will setthestagefor a discussionof the
combineduseof qualitativesimulationandmodel-checking
techniques in the third section. The applicability of this
approachto thevalidationof actualgeneticregulatory net-
works is the subjectof the next section. We finish with a
discussionof theapproachin thecontext of relatedwork.

Qualitati vemodelingof geneticregulatory
networks

The dynamics of genetic regulatory networks canbe mod-
eled by a classof piecewise-linear (PL) differentialequa-
tions of the following general form (Glass & Kauffman
1973; Mestl, Plahte, & Omholt 1995; Thomas & d’Ari
1990): 	
������
���������
���
���
������ (1)
where
����! � �#"#"$"%�& (')�+* is a vectorof cellularprotein con-
centrations, and ,�-�/. � �#"#"$"#�0. ' �+* , �1� diag�32 � �#"$"#"$�+2 ' � .
Therateof change of eachconcentration 54 , 687:9;7:< , is
definedasthe differenceof the rateof synthesis. 4 �/
�� and
therateof degradation 2 4 �/
��= 4 of theprotein.

Thefunction .>4@?BA ' CEDGF A C(D is definedas. 4 �/
��5�1HI3JLKNM 4 ILO 4 I �/
���� (2)

where M 4 IQPSR
is a rateparameter,

O 4 I ?�A ' C(DTF U R � 6LV
a regulation function, and W a possibly empty set of in-
dicesof regulation functions. A regulation function

O 4 I is
the arithmeticequivalentof a Booleanfunction expressing
thelogic of generegulation (Mestl,Plahte,& Omholt1995;
Thomas& d’Ari 1990). Thefunction 2�4 expressesthereg-
ulationof proteindegradation. It is definedanalogouslyto. 4 , except thatwe demand that 2 4 ��
�� is strictly positive. In
addition, in order to formally distinguishdegradationrates
from synthesisrates,we will denotetheformerby X instead
of M .

Figure1 gives anexample of a simplegenetic regulatory
network. Genesa andb, transcribedfrom separatepromot-
ers,encodeproteinsA andB, eachof whichcontrols theex-
pressionof bothgenes.More specifically, proteins A andB
repressgenea aswell asgeneb at differentconcentrations.

Thenetwork in figure1 canbedescribedby means of the
following pairof stateequations:Y (ZN�[M(Z�\^]_�! (Z��&` �Z �a\L]b�! dc$�&` �c �e� X Zf (Z (3)Y (c_�[M(c)\ ] �� (Z=�g` �Z �)\ ] �! (c$�g` �c �e� X c� dc%" (4)

Genea is expressedat a rate MhZ PiR
, if the concentra-

tion of protein A is below its threshold ` �Z and the con-
centration of protein B below its threshold ` �c , that is, if\ ] �� Z �g` �Z �a\ ] �! c �&` �c �j� 6 . Recall that \ ] �! f�&`k� is a step
functionevaluating to 1, if  mln` , andto 0, if  P ` . Protein
A is spontaneouslydegradedatarateproportional to its own
concentration( X Z PoR is a rateconstant). Thestateequation
of geneb is interpreted analogously.

Qualitati vesimulation of geneticregulatory
networks

The dynamical propertiesof the PL models (1) canbe an-
alyzedin the < -dimensionalphasespacebox p � p �8q"#"#" q p ' , where every p 4 , 6r7s9:7s< , is definedasp 4 � U  4�t A C(Dvu R 7  4 7xwzy#{ 4 V . wzy#{ 4 is a pa-
rameter denoting a maximum concentrationfor theprotein.
Given that the protein encoded by gene 9 has | 4 threshold
concentrations,the < � 6 -dimensional threshold hyperplanes E4_�}`k~0�4 , 687,� 4 7�| 4 , partition p into (hyper)rectangular
regionsthatarecalleddomains (deJongetal. 2002a).More
precisely, adomain����p isdefinedby � � � � q "#"#" q � ' ,
where every � 4 , 6z7:9B7T< , is definedby oneof theequa-
tionsbelow:

� 4f� U  E4 u R 7  E45l�` �4 V �
� 4 � U  4 u  4 �[` �4 V �
� 4f� U  E4 u ` �4 l� (4�ln` �4 V �"$"#"
� 4 � U  4 u `�� �4 lo 4 7n���  4 V "

Figure 2(a) shows the subdivision into domains of the
two-dimensionalphasespacebox of the example network.
We distinguish betweendomains like �m� and ��� , which
are locatedon (intersections of) thresholdplanes,anddo-
mainslike � � , whicharenot.Theformerdomainsarecalled
switchingdomains andthelatterregulatory domains.

Whenevaluating thestepfunction expressionsof (1) in a
regulatory domain, . 4 and 2 4 reduceto sumsof rate con-
stants. More precisely, in a regulatory domain � , . 4 re-
ducesto some�f�4 , and 2k4 to some�)�4 . It canbeshown that
all solutiontrajectoriesin � monotonically tendtowards a
stableequilibrium � � � �m� U � �e���� �a�� �#"#"$"#� ���' � ���' � V , the
target equilibrium (Glass& Kauffman1973; Mestl, Plahte,
& Omholt 1995; Thomas& d’Ari 1990). The target equi-
librium level �f�4 � ���4 of the protein concentration 4 gives
an indication of the strength of geneexpressionin � . If� � � ��� ���� U V , thenall trajectorieswill remainin � . If
not, they will leave � at somepoint. In regulatory domain� � in figure 2(b), the trajectories tend towards � � � � �j�U �/M(Z � X Z>��M(c � X c�� V . Since � � � � ��� � � � U V , the trajec-
tories startingin � will leave this domain at somepoint.
Differentregulatory domains generally havedifferenttarget
equilibria. For instance,in regulatory domain� � , thetarget
equilibrium is given by

U � R �0Mfc � X c�� V (notshown).
In switching domains, .=4 and 2k4 may not be defined,

becausesomeconcentrationsassumetheir threshold value.
Moreover, . 4 and 2 4 maybediscontinuousin switchingdo-
mains. In order to copewith this problem, the systemof
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Figure1: Exampleof a geneticregulatory network of two genes(a andb), eachcoding for a regulatory protein (A andB) (see
figure4 for thelegend).
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Figure2: Qualitative simulationof theregulatory network in figure1. (a) Subdivision of thephasespaceinto regulatory and
switchingdomains. (b) Analysisof themodel in regulatorydomainÃ[Ä , usingtheparameterinequalities (5)-(6). (c) Transition
graphresultingfromasimulationof theexample systemstartingin thedomainÃTÄ . Qualitativestatesassociatedwith regulatory
domainsandswitchingdomainsareindicatedbyunfilledandfilled dots,respectively. Qualitativestatesassociatedwith domains
containing anequilibrium point arecircled(deJonget al. 2002a).

differential equations (1) is extended into a systemof dif-
ferential inclusions, following an approachwidely usedin
control theory(Gouzé & Sari2003). Usingthis generaliza-
tion, it canbeshown that,in thecaseof a switchingdomainÃ , the trajectories eithertraverse Ã instantaneously or re-
main in Ã for sometime, tending towardsa targetequilib-
riumset Å;Æ/Ã�Ç . Here, Å;Æ�ÃjÇ is thesmallestclosedconvex set
including thetargetequilibria of regulatory domains havingÃ in their boundary, intersectedwith the hyperplanecon-
taining Ã (see(deJonget al. 2002a) for technical details).
If Å;Æ/Ã�Ç�ÈmÃiÉÊÌËLÍ , thenthe trajectoriesmayremainin Ã .
If not, they will leave Ã at somepoint.

Most of thetime,precisenumericalvalues for thethresh-
old andrateparameters in (1) arenot available. However,
the above summary of the propertiesof PL modelsreveals
thataqualitativeunderstanding of thedynamics of a regula-
torysystemcanbeobtainedby knowing therelativeposition
of Ã and Å;Æ�ÃjÇ . This relative positioncanbe determined
from a setof qualitative constraints that arecalledparam-
eter inequalities (de Jonget al. 2002a). More precisely,
theparameterinequalitiesspecifya total ordering of the ÎbÏ
threshold concentrationsof gene Ð , aswell as the possible
target equilibrium levels Ñ@ÒÏ;Ó´Ô ÒÏ of Õ Ï in all regulatory do-
mains Ã×Ö�Ø . Theparameterinequalitiesfor theexample
network describedby (3)-(4) aregiven byÙÛÚ�Ü ÄÝ Ú�ÜkÞÝ Ú�ß Ý Ó$à Ý Ú1ázâ#ã Ý>ä (5)ÙÛÚ�Ü Äå ÚnÜ Þå Ú�ß å Ó¨à å Ú1ázâ#ã å$æ (6)

They constrain Å;Æ/Ã�Ä�Ç to lie somewhere in Ã Þ�ç , sothattra-
jectories startingin ÃèÄ reachoneof the domains Ã Þ , Ã8é ,
and Ãjê atsomepoint. Theinformationnecessaryto specify
theparameterinequalities canusuallybe inferredfrom the
biologicaldata.

A domain Ã supplementedby therelative positionof Ã
and Å;Æ�ÃjÇ will be calleda qualitative stateof the system.
Given the qualitative stateassociatedwith Ã , it canbe in-
ferredwhich domainscanbereached, in finite time,by tra-
jectories startingin Ã . Sincea qualitativestatecanbeasso-
ciatedto eachof thesedomains in turn, this amounts to the
computationof transitions betweenqualitativestates.In (de
Jonget al. 2002a),a simulationalgorithm is describedthat
recursively generatesqualitative statesandtransitions from
qualitative states,startingat thequalitative stateassociated
with aninitial domainÃQë . Thisresultsin a transitiongraph,
adirectedgraphof qualitativestatesandtransitionsbetween
qualitative states.The transitiongraph may containquali-
tative equilibrium statesor qualitativecycles. Thesemay
correspondto equilibrium points or limit cyclesreachedby
solutions, andhenceindicatefunctional modesof theregu-
latory system.Moreover, it hasbeenshown that the transi-
tion graph producedby thequalitativesimulationalgorithm
is guaranteedto cover all possiblesolutionsof thePL model
of the geneticregulatory network. The qualitative simula-
tion algorithmis sound(deJongetal. 2002a).

Figure 2(c) shows the transitiongraphgenerated for the
example network, when startingin the regulatory domain



� � . It shows that the systemhasa choice betweenthree
qualitati� veequilibrium states,two of whicharestable( ì_í �
and ì_í �&î ) andoneof which is unstable( ì_í � ). This con-
forms to the expectedbehavior of the system,which is a
simplifiedversionof a well known molecularswitchdeter-
miningtheresponseof E. coli to phage ï infection(Ptashne
1992).

For thepurposeof validating models of geneticregulatory
networks, it is usuallymoreconvenientto considera refined
versionof the transitiongraph. Here the qualitative states
areassociatedwith (hyper)rectangularregions in thephase
spacewherethe derivatives of the concentration variables
have a determinatesign. Oftenthesehyperregionscoincide
with thedomainsdefinedabove, for instancein thecaseof
regulatory domain � � , where

Y ðZ PñR
and

Y ðc PñR
, for all
 t � � . However, sometimesa domainmay needto be

divided into subdomains,to eachof which a separatequali-
tative stateis associated.In thatcase,transitionsmayneed
to be addedbetweenthe refinedqualitative states,in order
to keepthesoundnessproperty. Therefinedtransitiongraph
canbe deduced from the transitiongraphdescribed in the
previousparagraph. In our simpleexample, therefinement
is straightforward.However, this maynotbetruein general
(theautomatizationof this stepis currently underway). In
whatfollows,weassumethatthetransitiongraphgenerated
by thequalitativesimulatoris therefinedtransitiongraph.

The qualitative simulationmethoddescribed in this sec-
tion hasbeenimplementedin Java 1.3 in the program Ge-
neticNetworkAnalyzer(GNA) (deJongetal. 2003). GNA is
availablefor non-profitacademicresearchpurposesat(GNA
2003). The core of the systemis formed by the simula-
tor, whichgeneratesa transitiongraphfrom aqualitativePL
model andinitial conditions. The input of the simulatoris
obtained by reading andparsingtext files specifiedby the
user. A graphical userinterface(GUI), namedVisualGNA,
assiststheuserin specifying themodel of a geneticregula-
torynetworkaswell asin interpreting thesimulationresults.

Analysisof geneticregulatory networks by
model checking

We have presentedabove how predictions of the behavior
of a geneticregulatory network can be obtained by qual-
itative simulation. The model of the network, expressing
hypothesesonthegenesandproteins involved andtheirmu-
tual interactions,canbevalidatedby meansof experimental
data. Thevalidationof a model is complicatedby the size
of thetransitiongraphs obtainedthrough simulation,which
for networks with morethana dozengenes become too big
to analyzeby hand.

Ouraimis to develop amethod thatcanbeusedto testau-
tomaticallyif a transitiongraph satisfiesanobservedprop-
erty. In thissection,weproposeanapproachbasedonmodel
checking. Model-checkingtechniquesarewidely usedfor
the formal analysisof discretestatesystems. Computer
tools exists that can testautomatically if a given property,
expressedasatemporal logic statement,is satisfiedby adis-
cretestatesystem,representedby a Kripke structure. They
combine formal precisionandcomputational efficiency.

Expressingobservedpropertiesin temporal logic
As a first stepin thevalidationof a model, we mustexpress
propertiesof the observedbehavior of a geneticregulatory
network in aformal language,herea temporal logic (Clarke,
Grumberg, & Peled1999). Thatis, wehaveto definetheset
of atomicpropositionsthatwill beusedtodescribethestates
of thesystemandchooseanappropriatetemporal logic.

Theatomicpropositionswe will considerdescribe quali-
tativepropertiesof thevalueof proteinconcentrations,since
thequalitative simulationmethodyields predictions of this
kind. Moreparticularly, theatomicpropositionsconcern the
range in which a protein concentrationfalls andthesignof
thederivativeof theproteinconcentration.Let ò 4 betheset
of concentrationlandmarks for gene9 , definedas

ò 4 � U R �g` �4 �#"$"#"$�&`�� �4 � ���  4 Vó U � �4 � � �4 u � regulatorydomainV "
We now introducethevariables ô��>< 2�õ=�! f4ö� and \ 9 2 < � Y d4/� .
Definition 1 A stateof a regulatorysystemis describedus-
ing thevariables ô´�>< 2�õ>�� 4 � and \ 9 2 < � Y 4 � , 6z7T9÷7�< . The
domains of thesevariables are øzù Z�'´ú%û�ü¯ý �/þ and ø ÿ 4 ú0'�ü �ý �/þ ,
respectively, where øÛù Z�'´ú%û�ü�ý � þ is the setof (semi-)openor
closedintervals

� 4 �[p 4 , suchthat ����� � � 4 ���	��
�@� � 4 � t ò 4 ,
and ø ÿ 4 ú�'=ü �ý � þ is theset

U � 6 � R � 6 ��� V .
ô´�>< 2=õ=�� 4 � � � 4 is interpretedasmeaning that thecon-

centration  ð4 lies betweenthetwo landmark concentrations����� � � 4 � and ��
��� � 4 � . \ 9 2 < � Y 4 ���T\ 4 is interpretedasmean-
ing thatthesignof thederivative of  4 is positive,negative,
or zero, if \ 4 equals 6 , � 6 , or

R
, respectively. The special

value � is usedto expressthat
Y �4 doesnot have a unique

sign.Thismayoccurin certainswitchingdomains,asacon-
sequenceof theextension of thedifferentialequations(1) to
differentialinclusions (seeprevioussection).

We candefinethe setof atomicpropositionsin termsofô��>< 2�õ=�! 4 � and \ 9 2 < � Y 4 � .
Definition 2 Thesetof atomicpropositions��� is givenby:

��� � U ô´�k< 2�õ=�! (4 ��� ô 4g�e\ 9 2 < � Y E4 ���1\¨4u ô 4 t ø ù Z�'^ú�û0ü�ý ��þ ��\¨4 t ø ÿ 4 ú�'=ü �ý �/þ � 6N7n957o<�V "
For example, ô��>< 2�õ=�! hZ´� ��� R �g` �Z � , ô��>< 2�õ=�! dcg� ��3M(c � X c#� ���  (c�� , \ 9 2 < � Y dZ�� � � 6 , and \ 9 2 < � Y ðc������ are
valid atomicpropositions.

Of theseveral temporal logicsthatexist (Emerson 1998),
wehavechosento useComputation TreeLogic (CTL). Four
ourpurposes,aCTL formulais verified byaqualitativestate
of the systemif the possiblequalitative behaviors starting
from thatstatesatisfytheformula. A CTL formula consists
in atomicpropositionsconnectedby operators. Theopera-
torsareeithertheusuallogical operators( � , � , � , � , "#"#" )
or a restrictedcombinationof pathquantifiersandtemporal
operators. The path quantifiers � or � are used,respec-
tively, to specifythatall or someof thebehaviors startingat
astatehavesomeproperty. Thetemporal operatorsdescribe
propertiesthathold during a behavior. � , � , or � aretem-
poral operatorsusedto specifythattheneXtstate,someFu-
turestate,or (Globally) all futurestatesin abehavior satisfy



someproperty. In CTL apathquantifier is necessarilypaired
with atemporaloperator(seeClarkeandEmerson(1981) for
theformal syntaxandsemanticsof CTL).

CTL, unlike someother temporal logics, allows us to
quantify over the behaviors of the system. This is neces-
sary for our application, sincean observation provides in-
formationononeparticular behavior, but notonall possible
behaviors. Efficient algorithmsfor performingCTL model-
checking exist (Clarke,Grumberg, & Peled1999), which is
a key issuefor thepracticaluseof themethod.

As anexampleof theuseof CTL, considerthe observa-
tion that,in thesystemof figure1, theconcentrations _Z and (c increaseat first, while  �Z is steadyand  �c decreasesaf-
terwards.This canbeexpressedby meansof the following
CTL statement:

� � �/\ 9 2 < � Y (Z´�5� 6!� \ 9 2 < � Y dcg��� 6
�"� � �/\ 9 2 < � Y (ZL��� R � \ 9 2 < � Y (c���� � 6 �&��" (7)

TheCTL statementsaysthat,from theinitial stateonwards,
thereExistsat leastonebehavior of the systemleadingto
someFuturestatein which (1) the concentrations  Z and (c increase,and(2) from thatstateonwards,thereExistsat
leastonebehavior leadingto someFuturestatein which  5Z
is steadyand  c decreases.

Translating transition graph into Kripk estructur e
In theframework of CTL modelchecking, thediscretestate
systemis describedby meansof a Kripke structure. A
Kripke structure # over thesetof atomicpropositions ���
is a four-tuple # �%$'&��(& D � � � W*) , where & is a finite setof
states,& D � & thesetof initial states,

� � & q & atotaltran-
sition relationand W ?+& F-,+.0/

a function that labelseach
statewith theatomicpropositionstruein thatstate(Clarke,
Grumberg, & Peled1999).

Wehaveto definehow togenerateaKripkestructurefrom
the transitiongraph producedby the qualitative simulator.
Recall that a transitiongraph consistsof qualitative states
andtransitionsbetweenqualitative states.Every qualitative
statein the transitiongraph is definedas ìbí �-$1& � ��2 ) ,
where& � �3& � � q "#"#" q & � ' is ahyperrectangularregion
included in a domain � and 2G�,� \ � �#"$"#"%�0\ ' �&* thesignvec-
torof thederivatives

	
 . Theinformationcontainedin aqual-
itative statecanbe straightforwardly expressedin termsof
theatomicpredicates��� of definition2. Thisgivesthefol-
lowing Kripkestructurecorrespondingto atransitiongraph.

Definition 3 A Kripke structure # ���1&��4& D � � � W � over��� correspondsto a transitiongraphproducedby thequal-
itativesimulator, if
1. & is thesetof qualitative statesin thetransitiongraph;
2. & D is thesetof initial qualitative states;
3.
� � & q & thetransitionrelation, suchthat

� � ì_í � ì_í * �
holds,if f thereis a transitionfrom ì_í to ìbí * in thetran-
sition graph, or ì_í � ì_í * �5$1& � �42 ) and & � � � ,
suchthat � � � ��� �S�� U V ;

4. W ?6& F5,7.0/
suchthatfor all ì_í �%$'& � �42 ) ,

W � ì_í ��� U ô´�>< 2�õ>�� 4 ���8& � 4 ��\ 9 2 < � Y 4 ���1\ 4 u 6¢7o957n<�V "

It canbeshown that the transitionrelationin thedefinition
is total. TheKripkestructurecorresponding to thetransition
graph obtainedfrom qualitative simulationof the example
network in figure1 is shown figure3.

Checking if model is validated by observations

When properties of the observed behavior of the system
have been expressed in CTL, and the transition graph
obtained through qualitative simulation translatedinto a
Kripke structure,thevalidationof themodelis straightfor-
wardto achieve. Highly-efficientalgorithmsfor CTL model
checking havebeendevelopedandimplementedin publicly-
availablecomputertools.Wewill useNuSMV2,asymbolic
model checker that combines BDD-basedand SAT-based
model-checking components(Cimatti etal. 2002).

Thekey stepsof theapproachadvocatedin thispaper can
besummarizedasfollows:

1. Perform a qualitative simulationof thegeneticregulatory
network;

2. Translate the resulting transition graph into a Kripke
structure;

3. Formulatepropertiesof theobserved behavior of thesys-
temasaCTL statement;

4. UseNuSMV2to testthevalidity of themodel of thenet-
work.

The validationof the modelgives rise to oneof two re-
sults. First, theremay be a qualitative behavior predicted
from themodelsatisfyingtheobservedpropertiesof thesys-
tem. In this case,we saythat themodel is corroboratedby
theobservations.Second, if thereis no qualitative behavior
predictedfrom themodel satisfyingtheobservedproperties
of the system,then the model is invalidatedby the obser-
vations. Recall that the transitiongraphproduced by the
qualitative simulationalgorithm is guaranteedto cover all
possiblesolutions of thePL model of thegeneticregulatory
network. This is critical for thedecisionto rejector revisea
model whenit is invalidated by theobservations.

Theapproachsketchedabovecanbeillustratedby means
of thesimplenetwork of two genesandtheir mutualinter-
actions. UsingtheKripke structurederived from thetransi-
tion graph (figure 3), we cancheckwhethertheobservation
formulatedasthe CTL statement(7) is consistentwith the
model. Thetestof thisproperty bymeansof NuSMV2gives
a positive answer. Thereadercanverify that this answeris
correct by looking at the path � ì_í � � ì_í î � ì_í ��� � ì_í �&î � in
theKripke structurein figure3.

Applicability of the approach
Theprevioussectionhasgivenanoutlineof theuseof model
checking techniques in the analysisof genetic regulatory
networks. Althoughwe have givena proof of principleby
applying theapproachtoanexampleof asmallnetwork,one
canlegitimately askwhetherit is applicable to the genetic
regulatory networks actually studiedby biologists in their
laboratory. Below we will argue thatthis is indeed thecase,
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Figure3: Kripkestructurecorrespondingto thetransitiongraphobtainedfromthequalitativesimulationof theexample network
in figure1. Thelabelingfunction is shown separatelyin theadjacent table.

illustratingour argumentsby meansof thenetwork control-
ling the initiation of sporulation in the bacterium Bacillus
subtilis.

Qualitati ve modeling and simulation of sporulation
network
Under conditions of nutrient deprivation, B. subtilis cells
mayceaseto divide andform a dormant,environmentally-
resistantsporeinstead(Burkholder& Grossman2000). The
decisionto eitherdivideor sporulateis controlled by aregu-
latorynetwork integratingvariousenvironmental,cell-cycle,
andmetabolic signals.A graphical representationof thenet-
work is shown in figure 4, displaying key genesand their
promoters,proteinsencoded by the genes,andthe regula-
tory actionof theproteins.

Sporulation in B. subtilis is one of the best-understood
model systemsfor prokaryotic development. However,
notwithstanding the enormousamount of work devoted to
theelucidationof thenetwork of interactionsunderlyingthe
sporulation process,very little quantitative dataon kinetic
parametersandmolecular concentrationsareavailable.This
hasmotivatedtheuseof thequalitativeformalism described
at thebeginning of this paperto modelthesporulation net-
work andto simulatetheresponseof thecell to nutrientde-
privation.

The graphical representation of the network has been
translatedinto aPL modelsupplementedby qualitativecon-
straintson the parameters (de Jonget al. 2003). The re-
sulting model consistsof nine statevariablesand two in-
put variables.The49 parametersareconstrainedby 58 pa-
rameterinequalities, the choiceof which is largely deter-
minedby biological data.Simulationof thesporulationnet-
work by meansof GNA revealsthatessentialfeatures of the
initiation of sporulationin wild-type andmutant strainsof
B. subtilis can be reproducedby meansof the model (de
Jonget al. 2003). In particular, the choicebetweenveg-
etative growth andsporulation is seento be determined by
competingpositiveandnegative feedbackloops influencing
the accumulation of the phosphorylatedtranscription fac-
tor Spo0A.Above a certainthreshold, Spo0Ap P activates
various geneswhoseexpressioncommitsthe bacteriumto
sporulation,suchasgenescodingfor sigmafactorsthatcon-

trol the alternative developmental fatesof the mother cell
andthespore.

Towards the analysis of sporulation network by
meansof model checking
Although the predictions obtained by qualitative simula-
tion lacknumerical precision, thesporulationexample illus-
tratesthat they do neverthelesscapture essentialfeaturesof
thedynamicsof theregulatory systemandprovide interest-
ing insightsinto theunderlying regulatory logic. However,
theconclusionssummarizedabove werearrivedat through
painstakingmanual analysesof the transitiongraphs pro-
duced by the simulator, usually consistingof several hun-
dredsof states.Theproposedmodel-checking approachcan
be usedto speedup the analysisandreduceinterpretation
errors of themodeler, inducedby the failure to extractcru-
cial informationfrom thetransitiongraph. We will give two
examplesto illustratethatexperimentaldatausedto validate
amodelcanbeexpressedin termsof temporal logic.

Figure 5 representsthe expressionof two genesin the
course of the sporulation processin a B. subtilis strain
(Perego & Hoch 1988). The authors have usedan exper-
imental technique in which the specificactivity of an en-
zyme (here q -galactosidase)reflectsthe expressionof the
gene. The lowest curve representsthe expressionof the
gene hpr, which “increasedin proportion of the growth
curve,reachedamaximumlevelattheearlystationaryphase
[( r 6 )], andremained at the samelevel during the station-
ary phase”((Perego & Hoch 1988), p. 2564). This inter-
pretation canbe expressedby meansof theCTL statement� � �/\ 9 2 < � Y hs � ù � � 6��t� ��� � �/\ 9 2 < � Y hs � ù � �

R �&� , where s � ù denotestheconcentrationof Hpr. This formulacanbe
paraphrasedas“startingfrom theinitial state,thereexistsat
leastonebehavior of thesystemleadingto a future statein
which the concentration of Hpr is increasing,andcontinu-
ing from which thereexistsat leastonebehavior leadingto
a future statecontinuing from which thereexistsa behavior
in which theconcentrationof Hpr is constant.

Under conditions of nutrient deprivation, a fraction of
thecells in a B. subtiliscultureenterssporulation, whereas
the othercells continue to divide. In Chunget al. (1994)
this phenomenon is relatedto the observation that “within
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Figure5: Time-series datashowing the expressionof two
genesduring sporulation in a wild-type B. subtilis strain
(Perego & Hoch1988).

a culture of sporulatingcells of B. subtilis, thereare two
distinct subpopulations, one that has initiated the devel-
opmental program [leading to sporulation] "#"$" and one in
which early developmentalgene expressionremains unin-
duced” (p. 1977). The genesigF, shown in figure 4, is
an example of sucha developmental gene. Representing
the concentration of the protein z!} encodedby sigF by
the variable  ÿ 4 ú } , the above expressioncanbe translated
into the following CTL statement: � � � ô´�>< 2�õ>�� ÿ 4 ú } �n�~ R �&` ÿ 4 ú } ~ � ��� � � ô´�>< 2�õ>�� ÿ 4 ú } ����� ` ÿ 4 ú } � ���  ÿ 4 ú } �3� . Here,` ÿ 4 ú } and �Q�  ÿ 4 ú } denote a threshold and the maximum
concentrationof theprotein. Thissimplystatesthat,starting
fromtheinitial state,thereexist two behaviorsof thesystem,
oneleadingto a futurestatecharacterized by a low concen-

tration of zX} (below the threshold), the other leadingto a
statecharacterizedby ahighconcentrationof z*} (abovethe
threshold).

Thesetwo examples illustratethat temporal logic formu-
las canbe usedfor expressingbiological observation in a
formal manner. They illustratealso that the formalization
of the observation is not an easytask,asa sentencegiven
in natural languagemaycorrespondto several CTL formu-
las, having a slightly different meaning, and thuspossibly
yielding different results.

Discussion
We have presented anapproachtowardstheanalysisof ge-
neticregulatorynetworksbasedonthecombinationof qual-
itative simulationandmodel-checking techniques. Theap-
proachconsistsof thetranslationof thetransitiongraphpro-
ducedthroughqualitativesimulationinto a Kripke structure
and the expressionof observed propertiesof the behavior
of a systemin temporal logic. Using an existing efficient
model-checking tool, thevalidity of themodel of a genetic
regulatory network canbe tested. We have shown the in-
principle feasibility of theapproachon a simplenetwork of
two genesandarguedfor its applicability to networks actu-
ally studiedby biologists.

The integration of qualitative simulation and model
checking hasbeenproposedbeforeasaremedyfor theanal-
ysis of the large number of qualitative behaviors produced
by qualitative simulators. ShultsandKuipers (1997) have
combined QSIM and CTL � , whereasBrajnik and Clancy
(1998) have focusedon QSIM anda variantof PLTL. Our
work differsfrom theseapproachesin that,apartfrom adif-
ferent temporal logic, we employ a qualitative simulation
method tailoredto a classof PL models.This allows us to



deal with large and complex geneticregulatory networks.
Several� groupsarecurrently working on the applicationof
model-checking techniques to the analysisof biochemical
networks. As in this paper, Antoniotti et al. (2003) and
ChabrierandFages(2003)havechosenCTL, but they work
with either completelynumerical models or rathersimple
rule-basedmodels. The advantageof the qualitative mod-
els usedin our approach is that they areat the sametime
biologically valid andactuallyapplicable.

Furtherwork will focus on theimplementationof theap-
proach sketchedin this paperandits applicationto theanal-
ysis of the initiation of sporulation in B. subtilis andother
regulatoryprocessesin prokaryotes.
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