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Abstract

Methodsdevelopedfor the qualitative simulationof dynami-
cal systemdhave turnedout to be powerful toolsfor studying
geneticregulatorynetworks. A bottleneckin the application
of thesemethodsis the analysisof the simulationresults.In

this paper we proposea combinationof qualitative simula-
tion andmodel-cteckingtechniglesto performthistasksys-
tematicallyandefficiently. By meansof the exampleof the
network controllingtheinitiation of sporulationin B. subtilis,

we argue that this approat is well-adaptedto the kind of

guestiondiologistshabituallyaskandthekind of dataavail-

ableto answerthesequestions.

Intr oduction

Qualitativesimulationis concenedwith making predctions
of thebehaior of dynanical systemsvhenonly qualitatve
informationis available.In QSIM (Kuipers1994) probaly

thebest-krmown appgoachtowardsqualitative simulation the
variabes of the systemtake qualitative valuesexpressedn

termsof atotally-orderedsetof landmak values.Thestruc-
ture of thesystemis descriledby meanof a qualitative dif-

ferentialequation anabstractiorof a classof ordnary dif-

ferentialequatims. A qualitatie differential equatia con-
sistsof constrainton the qualitative value of the variables,

correspndirg to basicmathenaticalequatims. Qualitatve
simulationexplaits the qualitative constraint@ndcontiruity

propertiesof the varialdesto predct the possiblequalitative
behaiors of the system. Given aninitial qualitative state,
consistingof aqualitative valuefor eachof thevariables, the
simulationalgoiithm producesabrarchingtreeof all reach-
ablequalitative states.

Qualitative simulationprovidesadiscreteview onthedy-
namicsof a system. A qualitatve behaior produced by
QSIM consistsof a sequencef qualitative states alternat-
ing betweentime-pants and time-intavals. The orde of
qualitative statesn the behaior expressestempoal order
of eventsat which the qualitatve value of somevariable,
andhencethe qualitative stateof the system,changs. The
abstractiorof the contiruousbehaior of a systeminto ase-
guerce of qualitative statesmalesit possibleto usemodel-
cheding techniqesfor the verificationof propertiesof the
system(Clarke, Grunmberg, & Peled199). The apgication

of thesetechniqes hasbeenprgposedas a meansto deall
with oneof the major prodemsof QSIM andothe classi-
cal quditative simulationmethals: the analysisof thelarge
nunberof possiblesequenceof qualitatve stategredictal
(Brajnik & Clang/ 1998 Shults& Kuipers1997).

The aim of this paperis to explore the combned use
of qualitative simulationandmockl checkirg techrquesin
the context of a biologcal applicatia, the analysisof ge-
neticreguatory networks Thesenetworks of reguatory in-
teractios betweengeres, proteins,metabdites, and other
small molecues undelie the developmentand functioning
of all living organisms. Mathematich method supprted
by computertools areindispensale for the analysisof ge-
netic reguatory networks, sincemostnetworks of interest
involve mary genesconrectedthrowghinterlocking positive
andnegyative feedtackloops,thusmakinganintuitive unde-
standiry of theirdynamics difficult to obtain(deJong20@).
Currerily, only a few networks arewell-understoodon the
moleailarlevel, andquantitatve informationontheinterac-
tionsis seldomavailable. This hasstimulatedaninterestin
quditative appoachegowardsthe analysisof geneticregu-
latory networks.

In previous work we have developeda methodfor the
guditative simulation of geneticregulatay networks (de
Jongetal. 2002a; 20@b; 200]). The methal differsfrom
traditional appoachegowardsqualitative simulationin that
it hasbeentailoredto a classof piecavise-linea (PL) dif-
ferertial equatios with favorade mathematicaproperties
(Glass& Kauffman 1973; Mestl, Plahte,& Omhdt 19%;
Thomas& d’Ari 1990. Thisallowsit to dealwith largeand
conplex networks of regulatay interactios. The qualita-
tive simulationmethodhasbeenimplermentedin a publicly-
available computer tool, called GeneticNetwork Analyzer
(GNA) (deJongetal. 2003. The programhasbeenused
to analyzesereralgeneticregulatory networks of biological
interest,including the network contolling the initiation of
spoulationin B. subtilis

In this pape, we will shav haw the gragh of qualitative
behaviors producedby the simulationmethal canbe refor-
mulated asa Kripke structue. Moreover, we will illustrate
how obsered propeties of the behaior of the geneticreg-
ulatory network canbeexpressedn thetempaal logic CTL



(Clarke & Emerson198]). This allows existing, highly-
efficient modelcheckingtechniges (Clarke, Grumterg, &
Peled199; Cimatti et al. 20®) to be usedto validatethe
mode of the network, thatis, to checkwhethera statement
in tempaal logic representinganobseredproperty is satis-
fiedby theKripke structue obtainel fromthemodel through
simulation. We will argue by mears of the examge of the
sporuation network that the chosencombiration of quali-
tative simulationandmockl checkingis well-adapedto the
kind of questios biologistshabitially askaswell asthekind
of dataavailableto answerthesequestions.

In the next two sectionsof this paper we briefly review
the qualitatve modelirg and simulationof geretic regula-
tory networks. Thiswill setthe stagefor a discussiorof the
comhbneduseof qualitative simulationandmockl-checling
technigiesin the third section. The applicalility of this
apprachto the validationof actualgeneticreguatory net-
works is the subjectof the next section. We finish with a
discussiorof theappoachin thecontext of relatedwork.

Qualitati ve modeling of geneticregulatory
networks

The dynanics of geretic regulatory networks canbe mod-
eled by a classof piecavise-linea (PL) differentialequa-
tions of the following geneal form (Glass& Kauffman
1973 Mestl, Plahte, & Omholt 19%; Thomas & d'Ari
1990:
wherex = (x1,...,2,)" is avectorof cellularpratein con-
centratims,and f = (f1,...,f)', g = diadg1,.-.,9n)-
Therateof chang of eachconentrationz;, 1 < i < n, is
definedasthe differenceof the rate of synthesisf;(x) and
therateof degradationg;(x) x; of theprotein

Thefundion f; : RZ, = R>( is definedas

filw) = ki ba(x), 2)
leL

wherek; > 0 is arateparameer, by : R%, — {0,1}
a regulation function and L a possibly empty set of in-
dicesof reguation functions. A regulation functionb;; is
the arithmeticequivalentof a Booleanfunction expressing
thelogic of genereguation (Mestl, Plahte & Omholt1995
Thomas& d’Ari 1990). Thefunction g; expresseghe reg-
ulation of proteindegradition. It is definedanalgouslyto
fi, except thatwe demand that g; () is strictly positive. In
addition in order to formally distinguishdegradationrates
from synthesigateswe will denotetheformerby «y instead
of k.

Figurel gives anexampe of a simplegeretic regulatory
network. Genesa andb, transcibedfrom separatgronot-
ers,enco@ prateinsA andB, eachof which contrds the ex-
pressiorof bothgenes More specifically proteirs A andB
represgenea aswell asgeneb at differentconcetrations.

Thenetwork in figure 1 canbedescribedy mears of the
following pair of stateequatioss:

Ty = Keg s‘(ma,é?i)s_(a:b,é?,%) — Yo Zg 3)

&y = Kb 5™ (Ta,0g) 57 (25,65) — o T 4

Genea is expressedat a rate k, > 0, if the conentra-
tion of protein A is below its threshdd #2 and the con-
centation of pratein B belaw its thresholdd}, thatis, if
5 (24,0%) s (zp,6;) = 1. Recallthats™(z,6) is astep
functionevalugingto 1,if z < 4, andto 0, if 2 > 6. Protein
A is sportaneouslydegracedatarateproportiond to its own
corcentration(y, > 0 is arateconstat). Thestateequatio
of geneb is interprete analogusly.

Qualitati ve simulation of geneticregulatory
networks

The dynamical propertiesof the PL modeés (1) canbe an-
alyzedin the n-dimensional phasespacebox 2 = Q; x

. X Q,, whereevery Q;, 1 < i < n, is definedas
Q = {z; € Rso | 0 < z; < maz;}. maz; is a pa-
rameer denotirg a maximum conentrationfor the protein
Giventhatthe proteén encodd by gere ¢ hasp; threshdd
corcentratios, then — 1-dimensionathreshdd hyperplanes
T; = 0f 1 < k; < p;, partition into (hyper)ectanglar
regionsthatarecalleddomans (deJongetal. 20(@a). More
predsely,adomainD C QisdefinecoyD = D1 x...xD,,
where every D;, 1 < i < n, is definedby oneof the eqLa-
tionsbelow:

D;={z; | 0<=; <6}},
D; = {z; | zi = 6;},
Di:{$i|9%<$i<0i2};

D; ={z; | 6" < z; < max;}.

Figure 2(a) shaws the subdvision into dormains of the
two-dmensionalphasespacebox of the exanple network.
We distingush betweendomairs like D* and D7, which
are locatedon (intersectios of) thresholdplanes,and do-
mainslike D!, whicharenot. Theformerdomansarecalled
switching domairs andthelatterreguatory domains.

Whenevaluding the stepfunction expressionsf (1) in a
regulatory domain, f; and g; reduceto sumsof rate con-
stants. More precisely in a reguatory domain D, f; re-
ducesto someu?, andg; to somev?. It canbe shawn that
all solutiontrajectoriesin D morotonically tendtowards a
stableequlibrium ®(D) = {(uP/vP,...,ul /vP)}, the
target equilibrium (Glass& Kauffman1973 Mestl, Plahte,
& Omhdt 19%; Thomas& d’'Ari 1990. Thetargetequi-
librium level u? /vP of the pratein corcentrationz; gives
an indication of the strengh of geneexpressionin D. If
®(D) N D # {}, thenall trajectorieswill remainin D. If
not, they will leave D at somepoint. In reguatory doman
D' in figure 2(b), the trajectores tend towards &(D!) =
{(Ka/Yas 66/75)}. Since®(D') n D! = {}, the trajec-
tories startingin D will leave this doman at somepoirt.
Differentregulatay domans geneally have differenttarget
eqlibria. Forinstancejn regulatay domainD 3, thetarget
equlibrium is given by {(0, k5/75)} (notshawn).

In switching domans, f; and g; may not be defined
becase someconcertrationsassumeheir threshdd value.
Moreover, f; andg; maybediscontinwusin switchingdo-
mains. In order to copewith this prodem, the systemof



Figurel: Exampleof a geneticregulatay network of two genega andb), eachcodirg for aregulatay pratein (A andB) (see

figure4 for thelegend)
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Figure2: Qualitative simulationof the reguatory network in figure 1. (a) Subdvision of the phasespacento reguatory and
switchingdomairs. (b) Analysisof themocel in reguatory domainD !, usingthe paraneterinequdities (5)-(6). (c) Trarsition
graphresultingfrom asimulationof theexamge systemstartingin thedomainD . Qualitative statesassociatewvith reguatory
domansandswitchingdomainsareindicatedby unfilledandfilled dots,respectiely. Qualitatve statesassociatetvith domains
contairing anequilibrium point arecircled (deJongetal. 2002).

differential equatios (1) is extenda into a systemof dif-
ferentialinclusiors, following an appoachwidely usedin
contrd theory(Gouwzé & Sari2003. Usingthis genealiza-
tion, it canbe showvn that,in the caseof a switchingdomain
D, thetrajectores eithertraverseD instantaneosly or re-
mainin D for sometime, tendirg towardsa targetequilib-
riumset®(D). Here,®(D) isthesmallestlosedcornvex set
including thetargetequilibria of regulatay domairs having
D in their bourdary, intersectedwith the hyperplanecon-
taining D (see(deJongetal. 2002a) for techrical details).
If (D) N D # {}, thenthetrajectoriesmayremainin D.
If not,they will leave D atsomepoirt.

Most of thetime, precisenunerical values for thethresh-
old andrate parametes in (1) arenot available. However,
the above summay of the propertiesof PL modelsreveals
thata qualitative understandig of the dynamics of aregula-
tory systencanbeobtairedby knowing therelative position
of D and®(D). This relative positioncanbe determired
from a setof qualitative constrénts that are called param-
eter inequalities (de Jonget al. 20QRa). More precisely
the paraneterinequalities specifya total ordeing of the p;
threshdd concerrationsof genei, aswell asthe possible
target equilibium levels u? /vP of z; in all regulaory do-
mainsD C (). The parameteiequalitiesfor the example
network describedy (3)-(4) aregiven by

0< 8 <0?< Ku/va < maz,, (5)
0<8; <07 < kp/v < mazy. (6)

They corstrain®(D?) to lie somavhere in D25, sothattra-
jectories startingin D! reachoneof the domairs D2, DS,
andD7 atsomepoint. Theinformationnecessaryo specify
the parameteinequalities canusually be inferredfrom the
biological data.

A domainD supplenentedby the relative positionof D
and®(D) will be calleda quditative stateof the system.
Giventhe qualitative stateassociatedvith D, it canbein-
ferredwhich domainscanbereachedin finite time, by tra-
jectories startingin D. Sincea qualitative statecanbeasso-
ciatedto eachof thesedomairs in turn, this amouwntsto the
conmputationof transitiors betweergualitative statesIn (de
Jongetal. 20Ra), a simulationalgoiithm is descriledthat
recusively geneatesqualitative statesandtransitiors from
quditative states startingat the qualitative stateassociated
with aninitial domainD®. Thisresultsin atransitiongraph
adirectedgraphof qualitative statesandtransitiors between
quditative states. The transitiongragh may containqudi-
tative equilibrium statesor qualitative cycles Thesemay
correspondo equilibrium points or limit cyclesreachedy
solutiors, andhenceindicatefunctional modesof the regu-
latory system.Moreover, it hasbeenshavn thatthe transi-
tion graph producedby the qualitative simulationalgorithm
is guaranteedto cover all possiblesolutiors of thePL model
of the geneticregulatay network. The qualitative simula-
tion algorithmis sound(de Jongetal. 20023).

Figure 2(c) shaws the transitiongraphgeneréed for the
example network, when startingin the regulatay doman



D*'. It shows that the systemhasa choice betweenthree
qualitative equilibrium statesfwo of which arestable(QS*
and QS'%) andoneof which is unstablg(QS™). This con-
forms to the expectedbelavior of the system,which is a
simplified versionof a well known molecularswitch deter
mining theresponsef E. coli to phag X infection(Ptashne
1992.

Forthepurposeof validaing modées of geneticregulatory
networks, it is usuallymorecornvenientto considerarefined
versionof the transitiongraph Herethe quditative states
areassociateavith (hyper)retangularegions in the phase
spacewherethe derivatives of the concetration varialles
have a determiratesign. Oftenthesehyperregions coincide
with the domainsdefinedabore, for instancen the caseof
reguatory domainD?!, wherez, > 0 andz; > 0, for all
z € D'. However, sometimesa domainmay needto be
divided into subdanains,to eachof which a separatejuali-
tative stateis associatedIn thatcase transitionsmay need
to be addedbetweerthe refinedqualitative states,n order
to keepthe sounahessproperty. Therefinedtransitiongraph
canbe dedwced from the transitiongraphdescribd in the
previous paragaph. In our simpleexample therefinemen
is straightbrward. However, this maynotbetruein genera
(the autamatizationof this stepis currerlly underway). In
whatfollows, we assumehatthetransitiongraphgeneated
by the qualitative simulatoris therefinedtransitiongraph

The quditative simulationmethoddescribd in this sec-
tion hasbeenimplementedin Java 1.3 in the proglam Ge-
neticNetworkAndyzer(GNA) (deJongetal. 2003). GNA is
availablefor nonprofitacademicesearcipumposesat(GNA
2003. The core of the systemis formed by the simula-
tor, which gereratesatransitiongraphfrom a qualitative PL
modé andinitial conditions. The input of the simulatoris
obtainel by readng and parsingtext files specifiedby the
user A graphical userinterface(GUI), namedvisualGNA,
assistghe userin specifyirg the mocel of a geneticregula-
tory network aswell asin interpretirg thesimulationresults.

Analysis of geneticregulatory networks by
model checking

We have presentedibore how predictiors of the behaior
of a geneticreguatory network can be obtaired by qual-
itative simulation The mocel of the network, expressing
hypothese®nthegenesandproteirs involved andtheir mu-
tual interactions,canbevalidaed by meansof expeimental
data. Thevalidationof a modé is comgicated by the size
of the transitiongrapts obtaired throwgh simulation,which
for networks with morethana dozengene becone too big
to analyzeby hand.

Ouraimis to develop amethal thatcanbeusedo testau-
tomaticallyif atransitiongraph satisfiesan obsened prop-
erty. In thissectionwe proposeanapprachbasecnmodé
checkig. Model-cteckingtechniqiesare widely usedfor
the formal analysisof discretestate systems. Computer
tools exists that cantestautoméically if a given property,
expressedisatempoal logic statementis satisfiedby adis-
cretestatesystemrepresentetby a Kripke structue. They
combine formal precisionandconputationd efficiency.

Expressingobsewed propertiesin temporal logic

As afirst stepin thevalidationof a mockl, we mustexpress
propertiesof the obseved behaior of a geneticreguatory
network in aformallanguwage hereatemposl logic (Clarke,
Grunbem, & Peled1999). Thatis, we have to definethe set
of atomicpropositionsthatwill beusedto describehestates
of the systemandchocseanapprgriatetempaal logic.

The atomicpropositionswe will considerdescrile quali-
tative propertiesof thevalueof proteinconentrationssince
the qualitative simulationmethodyields predctions of this
kind. More particdarly, theatomicpropaitionsconcen the
range in which a pratein concentrationfalls andthe sign of
thederwative of theproteinconcerration. Let A ; betheset
of concentationlandmaks for genei, definedas

A; ={0,6},...,6% maz;}

U {uP /vP | D regulatorydomairy.
We now introdwce thevariabesrange(z;) andsign(i;).

Definition 1 A stateof aregulatorysystemis describedis-
ing thevariables range(x;) andsign(#;), 1 < i < n. The
domains of thesevarialdes are D4 ge(z;) aNd Dyign (s, )
respectiely, whereD,.,,q.(.;) is the setof (semi-)gpenor
closedintenals R; C 2;, suchthatinf (R;), sup(R;) € A;,
andD,;gn(s,) is theset{—1,0,1, T }.

range(z;) = R; is interpetedas mearing thatthe con-
centationz; lies betweerthetwo landmark concentrations
inf (R;) andsup(R;). sign(i;) = s; isinterpetedasmean
ing thatthe sign of the derivative of z; is positive, negdive,
or zero,if s; equals1, —1, or 0, respectiely. The special
value T is usedto expressthat #; doesnot have a unigue
sign. Thismayoccurin certainswitchingdomnains,asacon-
sequene of theextensia of thedifferentialequdions (1) to
differentialinclusiors (seeprevious section)

We candefinethe setof atomicpropositionsin termsof
range(x;) andsign(;).

Definition 2 Thesetof atomicpropositionsAP is givenby:
AP = {range(z;) = r;, sign(i;) = s;
| T € Drange(zi); s; € ,Dsz'gn(a'c,-); 1< < TL}

For exanple, range(z,) =]0,6], range(zy) =
166/, maxp], sign(ié,) = —1, andsign(z,) = T are
valid atomicpropositions.

Of the severd tempoal logicsthatexist (Emersm 1998),
we have choserto useComputdion TreeLogic (CTL). Four
ourpurposesaCTL formulais verified by aqualitative state
of the systemif the possiblequalitatve behaiors starting
from thatstatesatisfytheformula. A CTL formua consists
in atomicpropositionsconneted by operates. The opea-
torsareeitherthe usuallogical opeators(—, V, A, =, ...)
or arestrictedcomhinationof pathquantifiersandtempaal
opeators. The path quantifies A or E are used,respec-
tively, to specifythatall or someof the behaiors startingat
astatehave someproperty. Thetempoarl opeatorsdescribe
propertiesthathold during abehaior. X, F, or G aretem-
poral operateos usedto specifythatthe neXtstate someFu-
turestate or (Globally) all futurestatesn abehaior satisfy



someproperty. In CTL apathquariifier is necessarilypaired
with atemporabpeator(seeClarkeandEmerson(1981) for
theformd syntaxandsemantic®f CTL).

CTL, unlike someother tempaal logics, allows us to
quarify over the behaiors of the system. This is neces-
saryfor our application sincean obsevation providesin-
formationon oneparticuar behaior, but notonall possible
behaiors. Efficient algoithmsfor performing CTL model-
checkirg exist (Clarke, Grumterg, & Peled1999, whichis
akey issuefor the practicaluseof themethal.

As anexampleof the useof CTL, considerthe obsera-
tion that,in thesystenof figure1, theconcemrationsz , and
xp increaeat first, while z, is steadyandz;, decreaseaf-
terwards. This canbe expressedy meansof the following
CTL statement:

EF(sign(t,) =1 A sign(zp) =1

AEF (sign(z,) = 0 A sign(ip) = —1)).  (7)
The CTL statemensaysthat,from theinitial stateonwards,
thereExists at leastone behaior of the systemleadingto
someFuturestatein which (1) the concetrationsz, and
xp increae,and(2) from that stateonwards,thereExistsat
leastonebehaior leadingto someFuturestatein whichz,
is steadyandzx; decreases.

Translating transition graph into Kripk e structure

In the framavork of CTL modelcheckimg, thediscretestate
systemis describedby meansof a Kripke structure A
Kripke structue M overthe setof atomicpropositions AP
is afourtuple M = (S, Sy, R, L), whereS is afinite setof
statesSo C S thesetof initial statesR C S x S atotaltran-
sitionrelationandL : S — 247 afunction thatlabelseach
statewith the atomicpropositionstruein thatstate(Clarke,
Grumterg, & Peled199).

We haveto definehow to geneateaKripke structuefrom
the transitiongragh prodiwced by the qualitatve simulator
Recallthat a transitiongraph consistsof qualitatve states
andtransitionshetweengualitative states.Every qualitative
statein the transitiongraph is definedas QS = (SD, s),
whereSD = SD, x...x 58D, is ahypearectanglarregion
included in adomain D ands = (s1,...,s,)’ thesignvec-
tor of thederivativesz. Theinformationcontairedin aqual-
itative statecanbe straightfawardly expressedn termsof
theatomicpredcatesA4P of definition2. This givesthefol-
lowing Kripke structurecorrespadingto atransitiongragh.
Definition 3 A Kripke structure M = (S,Sy, R, L) over
AP corresponddo atransitiongraphproducedby thequal-
itative simulator if
1. S isthesetof qualitative statesn thetransitiongragh;

2. Sy is thesetof initial qualitative states;

3. R C S x S thetransitionrelation suchthat R(QS, QS")
holds,iff thereis atransitionfrom QS to QS' in thetran-
sition graph or QS = QS' = (SD,s) andSD C D,
suchthat®(D) N D # {};

4. L: S — 247 suchthatfor all QS = (SD, s),

L(QS) = {range(x;) = SD;,sign(&;) = s; | 1 <i < n}.

It canbe shavn thatthe transitionrelationin the definition
is total. TheKripke structurecorrespondig to thetransition
graph obtainedfrom qualitative simulationof the exampe
network in figurel is shawvn figure 3.

Checkingif modelis validated by obsewations

When properties of the obsened behaior of the system
have been expressedin CTL, and the transition gragh
obtdned throwgh qualitative simulation translatedinto a
Kripke structure the validationof the modelis straightfa-
wardto achieve. Highly-efficientalgoritrmsfor CTL model
checling have beendevelopedandimplemenedin publicly-
availablecomptertools. We will useNuSMV2,a symiolic
mockl checler that comlines BDD-basedand SAT-based
mockl-checling compments(Cimatti etal. 2002)

Thekey stepsof theappoachadwcatedin this pape can
besummaizedasfollows:

1. Perfam a quditative simulationof the geneticreguatory
network;

2. Trarslate the resulting transition graph into a Kripke
structue;

3. Formulatepropertiesof the obsered behaior of thesys-
temasaCTL statement;

4. UseNuSMV2to testthevalidity of the mocel of the net-
work.

The validation of the modelgives rise to oneof two re-
sults. First, theremay be a qualitative beravior predictel
from themodelsatisfyingthe obseredpropertiesof thesys-
tem. In this case we saythatthe mocel is corrdboratedby
theobsenations. Secondif thereis no qualitatve behaior
predctedfrom the modé satisfyingthe obsevedproperties
of the system,thenthe modelis invalidatedby the obser
vations. Recallthat the transitiongraphprodwced by the
quditative simulationalgaithm is guaranteedto cover all
possiblesolutiors of the PL mocel of the geneticreguatory
network. Thisis critical for thedecisionto rejector revisea
mockl whenit is invalidated by the obsenrations.

Theapprachsketchedabove canbeillustratedby means
of the simple network of two geresandtheir mutualinter-
actiors. Usingthe Kripke structurederived from the transi-
tion gragh (figure 3), we cancheckwhetherthe obseration
formulatedasthe CTL statemen(7) is corsistentwith the
mockl. Thetestof this propety by meansof NuSMV2gives
a positive answer Thereadercanverify thatthis answeris
correct by looking atthe path (QS*, QS°, QS*, Q59) in
theKripke structuren figure 3.

Applicability of the approach

Theprevioussectionhasgivenanoutlineof theuseof model
checling techniaiesin the analysisof geretic reguatory
networks. Althoughwe have givena proof of principle by
appying theapprachto anexanple of asmallnetwork, one
canlegitimately askwhetherit is apgicable to the genetic
regulatory networks actually studiedby biologsts in their
labaatory Below we will argue thatthisis indeel the case,
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Figure3: Kripke structurecorrespadingto thetransitiongragh obtainedrom thequalitative simulationof theexampe network
in figure 1. Thelabelingfundion is shovn separatelyn theadjacentable.

illustratingour argumentsby meansof the network contiol-
ling the initiation of spordation in the bacterium Bacillus
subtilis

Qualitati ve modeling and simulation of sporulation
network

Under conditiors of nutrient depivation, B. subtilis cells
may ceaseo divide andform a dormant, ervironmetally-
resistansporeinsteadBurkholder& Grossmar2000) The
decisionto eitherdivide or sporulatas contrdled by aregu-
latory network integratingvarious ervironmernal, cell-cycle,
andmetabtic signals.A graphical representatiorof thenet-
work is shavn in figure 4, displayirg key genesandtheir
pronmoters, prateins encoard by the genes,andthe regula-
tory actionof theproteirs.

Sporuation in B. subtilis is one of the best-unérstood
modé systemsfor prokarydic developmer. However,
notwithstaing the enornmous amount of work devoted to
theelucidationof thenetwork of intera¢ionsunderlyingthe
spordation processyery little quantitative dataon kinetic
paranetersandmolecuar concentrationsareavailable. This
hasmotivatedthe useof the qualitative formdism described
atthe beginning of this paperto modelthe sporulatio net-
work andto simulatetheresponsef the cell to nutrientde-
privetion.

The graphcal represetation of the network has been
translatednto a PL modelsupplemetedby qualitative con-
straintson the parameers (de Jonget al. 2003. There-
sulting mocel consistsof nine statevariablesand two in-
putvariables.The 49 paranetersare constraired by 58 pa-
rameterinequdities, the choice of which is largely deter
minedby biological data.Simulationof thesporulatiomet-
work by meansf GNA revealsthatessentiafeatures of the
initiation of sporulationin wild-type and mutar strainsof
B. subtilis can be repralucedby meansof the modé (de
Jongetal. 2003. In particdar, the choicebetweenveg-
etative grovth andsporulatia is seento be determired by
competing positive andnegative feedtackloops influendng
the accumtation of the phosplorylated transcrigion fac-
tor Spo0OA. Above a certainthreshdd, SpoOA~P activates
various geneswhoseexpressioncommitsthe bacteriumto
spordation, suchasgenesodingfor sigmafactorsthatcon-

trol the alternatve developmenal fatesof the mothe cell
andthespore.

Towards the analyss of sporulation network by
meansof model checking

Although the predidions obtaired by qualitatve simula-
tion lacknumeical precision thespordation exanpleillus-

tratesthatthey do neverthelesscaptue essentiafeaturesof

the dynamicsof the reguatory systemandprovide interest-
ing insightsinto the undelying reguatory logic. However,

the conclwsionssummaized above werearrived at through
pairstakingmantal analysesof the transitiongraghs pro-

duaed by the simulator usually corsisting of several hun

dreds of states.The proppsedmodel-checkng appoachcan
be usedto speedup the analysisand reduceinterpretation
erras of the mockler, inducedby the failure to extractcru-

cial informationfrom thetransitiongrapgh. We will give two

examplesto illustratethatexpeimentaldatausedto validate
amodelcanbe expressedn termsof tempaal logic.

Figure 5 representsthe expressionof two genesin the
couse of the spordation processin a B. subtilis strain
(Pergo & Hoch 1983). The authas have usedan expe-
imentd techniaie in which the specificactvity of an en-
zyme (here s-galactosidasejeflectsthe expressionof the
gere. The lowest cure representsthe expressionof the
gere hpr, which “increasedin prgportion of the growth
cune, reachd amaximun level attheearlystationaryphase
[(T1)], andremaired at the samelevel during the station-
ary phase”((Pergyo & Hoch 1983), p. 2564. This inter
pretdion canbe expressedoy meansof the CTL statement
EF (sign(&py) = 1 AN EFEG(sign(&ppr) = 0)), where
Zhpr dendesthe conentrationof Hpr. This formulacanbe
pargphraseds“startingfrom theinitial state thereexistsat
leastonebehaior of the systemleadingto a future statein
which the concettration of Hpr is increasingandcontinu
ing from which thereexists at leastonebehaior leadingto
a future statecontiruing from which thereexists a behavior
in whichthe conaentrationof Hpr is constant.

Under conditions of nutrient deprivation, a fraction of
thecellsin a B. subtilis cultureentersspordation, whereas
the othercells continte to divide. In Chungetal. (194)
this phenomeron is relatedto the obseration that “within
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Figure5: Time-seies datashaving the expressionof two
genesduting sporudation in a wild-type B. subtilis strain
(Pergo & Hoch1983).

a culture of sporulatingcells of B. subtilis thereare two
distinct subpgulatiors, one that has initiated the devel-
opmental progam [leading to sporuation] ... andonein
which early developmentalgere expressionremairs unin-
duced (p. 1977). The genesigF, shovn in figure 4, is
an exampe of sucha developmenal gene. Representing
the concentation of the pratein ¥ encodedby sigF by
the variablez;,r, the above expressioncan be translated
into the following CTL statement: EF (range(zsigr) =
[0,04i9r[) N EF (range(xsigr) =|8sigr, mazsigr]). Here,
0sigr andmazsior dende a threshdd andthe maximum
concetrationof the pratein. This simply stateghat, starting
fromtheinitial state thereexisttwo behaiors of thesystem,
oneleadingto afuture statecharacterize by alow conen-

tration of o (below the threshold, the otherleadingto a
statecharacteézedby a high concetrationof o ¥ (above the
threstold).

Thesetwo examgesillustratethattempaoal logic formu-
las can be usedfor expressingbiological obserationin a
formal manrer. They illustrate also that the formalization
of the obsenation is not an easytask, asa sentencagiven
in natual languagemay correspondto several CTL formu-
las, having a slightly different meaning and thus possibly
yielding differert results.

Discussion

We have presentd an apprachtowardsthe analysisof ge-
neticreguatory networksbasednthe comtinationof qual-
itative simulationand mocel-checkng techniqies. The ap-
proachconsistof thetranslatiorof thetransitiongraphpro-
duedthroughqualitative simulationinto a Kripke structue
andthe expressionof obsened propertiesof the behavior
of a systemin tempaal logic. Using an existing efficient
mockl-checling tool, the validity of the mockl of a genetic
regulatory network can be tested. We have shown the in-
principle feasibility of the appoachon a simplenetwork of
two genesandarguedfor its applicalility to networks actu-
ally studiedby biologsts.

The integration of quditative simulation and model
checling hasheenproposedbefae asaremedyfor theanal-
ysis of the large numter of qualitatve behaiors produced
by qualitatve simulators. Shultsand Kuipe's (1997) have
combined QSIM and CTL*, whereasBrajnik and Clang
(1998) have focusedon QSIM anda variantof PLTL. Our
work differsfrom theseapprachesn that,apartfrom a dif-
ferert tempaal logic, we emplg a qualitatve simulation
metha tailoredto a classof PL models. This allows usto




deal with large and comgex geneticregulatory networks.
Several groupsare currerly working on the applicationof
modéd-checkirg techniqes to the analysisof biochemical
networks. As in this pager, Antonictti et al. (2003 and
ChabrierandFageg(2003) have choserCTL, but they work
with either completelynumeri@al mockels or rathersimple
rule-bkasedmocels. The adwartageof the qualitatve mod-
els usedin our appr@achis that they are at the sametime
biologcally valid andactuallyapplicable.

Furtherwork will focus ontheimplemenationof theap-
proad sketchedn this paper andits applicationto theanal-
ysis of the initiation of sporulatim in B. subtilis and other
reguatory processesn prokaryotes.
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